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E-mail address: alberto.salvadori@ing.unibs.it (A. SThe crack propagation problem for linear elastic fracture mechanics has been studied by several authors
exploiting its analogy with standard dissipative systems theory (see e.g. (Nemat-Nasser et al., 1980;
Nguyen, 2000; Maugin, 1992; Bourdin et al., 2008; Salvadori, 2008). This approach is here further
advanced, by noting that Stress Intensity Factors (SIFs) asymptotic expansion (Amestoy et al., 1986;
Amestoy and Leblond, 1992) enjoys a Colonnetti’s decomposition (Colonnetti, 1918; Colonnetti, 1950)
interpretation. As a consequence, minimum theorems are derived in terms of crack tip ‘‘quasi static
velocity’’. They are reminiscent of Ceradini’s theorem (Ceradini, 1965; Ceradini, 1966) in plasticity.
 2011 Elsevier Ltd. All rights reserved.1. Introduction In the present note, ‘‘time’’ t represents any variable whichFracturing process reveals three distinct phases: loading with-
out crack growth, stable crack growth, and unstable crack growth.
During crack advancing, energy dissipation takes place in the pro-
cess-region, in the plastic region outside the process region, and
eventually in the wake of plastic region. When the fracture process
is idealized to inﬁnitesimally small scale yielding, energy dissipa-
tion during crack growth is concentrated at the crack tip. This
assumption together with linear elasticity is assumed in the pres-
ent note, making use of Hooke’s law without limitation of stress
and strain magnitudes: the stress–strain ﬁelds in the crack tip
vicinity is uniquely determined by the stress intensity factors
(SIFs).
Similarly to the determination of the ‘‘elastic limit’’, the concept
of incipient crack growth is difﬁcult to identify: in both cases, the
difﬁculty is solved by a convention. Onset of crack growth is
governed theoretically by a local condition, describing when the
process region reaches a critical state which, in most cases of engi-
neering interest, is independent on body, geometry, and loading:
this property is termed autonomy (see (Barenblatt, 1959; Broberg,
1999)).
Even if the total amount of stable crack growth does not obey
the property of autonomy, being dependent on the plastic region
about the crack tip, stable crack growth is ruled by local conditions
at the process region. The onset of unstable crack growth is, on the
contrary, a result of a global instability. These issues are discussed
in Section 4.ll rights reserved.
: +39 030 3711312.
alvadori).monotonically increases in the physical time and merely orders
events; the mechanical phenomena to study are time-independent.
The global incremental quasi-static fracture propagation problem
consists in seeking an expression of the crack tip propagation rate
- also called ‘‘crack tip quasi static velocity’’ - for all three phases of
the fracturing process. The question can be posed in the following
way: given the state of stress and the history of crack propagation
(if any) at time t, express the crack propagation rate _sðtÞ (if any) as
a function of the stress and of the history.
For linear elastic fracture mechanics, the global incremental
quasi-static fracture propagation problem has been studied in
Salvadori (2008) exploiting its analogy with plasticity theory. A
maximum principle was stated, that expressed the maximum dis-
sipation at the crack tip during propagation; from it, associated
ﬂow rule and loading/unloading conditions in Kuhn–Tucker com-
plementarity form descend. Consistency conditions led to the for-
mulation of an algorithm for crack advancing, which was driven
by the increment of external actions (under the simplifying
assumption of proportional loading) and allowed the evaluation
of crack length increment and curvature at the crack tips of several
cracks contemporarily advancing.
This idea is here further advanced. In Section 2, the formulation
of the analogy between associated plasticity and incremental LEFM
proposed in Salvadori (2008) will be improved. A slightly simpli-
ﬁed form of the maximum dissipation principle is introduced,
while the meaning of the internal variable _a conjugated to the SIFs
vector at time t, denoted with K⁄, appears to be better understood
in its nature of rigid-plastic behavior. Any elastic contribution to
the elongation, that would be recovered after unloading, appears
to be misplaced: this is why an elastic loading–unloading rule link-
ing K⁄ and a⁄ never shows up.
1 In other words, the prediction of h does inﬂuence the safety estimation; formula
(21) insures that safety is measured against the worst value of h.
A. Salvadori, A. Carini / International Journal of Solids and Structures 48 (2011) 1362–1369 1363In the same section, Colonnetti’s nature of Amestoy–Leblond
asymptotic expansion is investigated. The latter decomposes the
variation of SIFs as due to an elastic contribution ð _KÞ and to a dis-
tortion (in fracture: crack elongation rate _sðtÞ; in plasticity: plastic
strain rate) which reverses itself into SIFs (stresses in plasticity) by
means of a stiffness factor (in fracture: K(1/2)(t), in plasticity the
action of the Z matrix over the plastic part of the volume)
(Colonnetti, 1918; Colonnetti, 1950). Rigid-plasticity modeling
should never allow a Colonnetti’s decomposition of K⁄, which on
the contrary is provided by Amestoy, Leblond, and several more
authors (see (Amestoy and Leblond, 1992) and bibliography
therein). In LEFM, indeed, elasticity is always behind the scene, as
the stage onwhich the problem is played. In spiteWilliam’s asymp-
totic expansion at the crack tip obeys to the autonomy principle,
SIFs collect information of the global (linear) elastic problem.
Moving from the consistency conditions, that descend from the
maximum dissipation principle, a condition for the stable crack
growth phase and, inherently, for the transition to the unstable
phase, is derived in Section 4. The transition between stable and
unstable propagation regimes is a crucial information. Assuming
in fact that unstable propagation leads to structural collapse, the
safety of a structural component is measured against the stable/
unstable crack growth transition.
In the range of stable crack growth, minimum theorems are
proved in Section 5. They state that the quasi-static crack tip veloc-
ity _sðtÞ that solves the global incremental quasi-static fracture
propagation problem at time tminimizes linearly constrained qua-
dratic functions (Theorems 1, 2, extended in Section 6 to many
cracks in Theorems 3, 4). They are reminiscent of Ceradini’s theo-
rem for plasticity. In this regard, the solution of the global incre-
mental quasi-static fracture propagation problem is supposed to
uniquely exist. Authors are aware of how basic this assumption
is: it deserves a deep mathematical analysis, which is still lacking.
On the other hand, this vital assumption is not unusual in the lit-
erature for the problem at hand: it is nested in the selected
Amestoy–Leblond asymptotic expansion.
Small strains hypothesis is assumed on a domain
X ¼ SNn¼1Xn  R2, together with the isotropic linear elastic consti-
tutive law in all the N homogeneous closed domains Xn. Interfaces
between domains are assumed to be rigid, i.e. relative displace-
ments along each interface are not allowed. Loci j, j = 1, 2, . . ., of
possible displacement discontinuitieswj(x) are deﬁned as usual in-
side of each domain X: the issues of interface cracks and of inter-
sections between moving cracks and interfaces fall beyond the
purposes of the present note.
The structural response to the following quasi-static external
actions is sought: tractions pðxÞ on Cp  oX, displacements uðxÞ
on Cu  oX, bulk forces f(x) in X. External actions are all assumed
to be proportional, i.e. that they vary only throughmultiplication by
a time-dependent scalar j(t), termed load factor, taken to be zero
at initial time t = 0 when the cracks attained their initial length.
This hypothesis is not fundamental and can easily be substituted
with a smooth variation of SIFs around the critical state (21): it just
lightens the burden.
2. Plasticity analogy
The notation, see Fig. 1, will be used according to Bourdin et al.
(2008) and Amestoy and Leblond (1992). Index j 2 N connotes a
generic crack j. Its length will be denoted with lj(t) and is taken
to be known at time t. Loci j deﬁne a ﬁnite set of crack tips, Pi,
i 2 N. A ﬁnite crack extension at crack tip Pi and time sP t will
be denoted with si(s)P 0. At time t, si(t) = 0 by deﬁnition. The
velocity of the elongation of crack j at tip Pi at time t, also called
here i-th crack tip quasi static velocity, will be denoted with _siðtÞ and
may differ from _ljðtÞ if the two tips of j grow contemporarily.Crack propagation is considered as irreversible, namely _siðtÞP 0
for all t. Whenever reference is made to a single crack tip the
subscript i will be omitted.
The general form of the expansion of the stress intensity factors
(SIFs) in powers of a crack extension length s, for a crack propagating
ina two-dimensionalbodyalonganarbitrarykinked(byanangleh =
mp) and curved pathwas established in Amestoy et al. (1986), Ame-
stoy and Leblond (1992). Denoting with K(t) = {K1(t),K2(t)} the SIFs
vector at any crack tipP at time t, the expansion ofK at the extended
crack tip in powers of s takes the general form:
KðjðsÞ; sðsÞÞ ¼ KðjðsÞÞ þ Kð1=2ÞðjðsÞÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
sðsÞ
p
þ Kð1ÞðjðsÞÞsðsÞ
þ Oðs3=2Þ ð1Þ
where sP t. Factors K⁄, K(1/2), K(1) are given componentwise (using
the Einstein summation convention) by:
Kp ¼ FpqðmÞKq ð2Þ
Kð1=2Þp ¼ GpðmÞT þ aHpqðmÞKq ð3Þ
Kð1Þp ¼ Zp þ IpqðmÞbq þ CJpqðmÞKq þ aQpðmÞT þ a2LpqðmÞKq
þ CMpqðmÞKq ð4Þ
In these equations, T, and the bqs are the non singular stress and
coefﬁcients of the
ﬃﬃ
r
p
terms in the stress expansion at crack tip P.
The Fpqs, Gps, Hpqs, Ipqs, Jpqs, Qps, Lpqs, and Mpqs are functions of
the kink angle h(t), which are termed universal because they obey
to the autonomy concept; ﬁnally, Zp depends on the geometry of
X; a⁄ and C⁄ deﬁne the curvature of the elongated branch.
The mathematical representation of the onset of crack propaga-
tion can be given a general form:
uðK1;K2; hÞ ¼ #ðK1;K2; hÞ  #ðKC1 ;0; hCÞ ¼ 0 ð5Þ
KC1 is the fracture toughness and h
C is the propagation angle attained
when K2 = 0 and K1 ¼ KC1. Function # is peculiar of any criterion.
Comparisons have been made in several publications. Among them,
one may refer to Salvadori (2008). Cracks cannot advance at time t if
uðK1ðtÞ;K2ðtÞ; hðtÞÞ < 0 ð6Þ
The latter inequality deﬁnes the safe equilibrium domain. As seen in
Eqs. (5) and (6) the onset of crack propagation is always related to a
prediction of the kinking angle h(t) in the eventuality of a crack
elongation. This appears to be mechanically signiﬁcant. The safety1
of a conﬁguration at time s depends on the angle the crack is going to
kink at time t > s when it grows. In the present note, kinking angle
h(s) is taken as a known data for all s. Some remarks on its evalua-
tion can be found in Section 3.
While cracks - idealized to inﬁnitesimally small scale yielding -
advance, energy dissipation is concentrated at the crack tips. In the
Grifﬁth picture of fracture energy dissipation amounts to twice the
surface energy of each plane of the crack Gc = 2cs. Whereas in plas-
ticity the choice of a yield function is free, Irwin’s formula (Irwin,
1958) restricts the choice of the onset of crack propagation u to
the maximum energy release rate (MERR) criterion (Hayashi and
Nemat-Nasser, 1981; Ichikawa and Tanaka, 1982):
uðK1;K2; hÞ ¼ 12
1 m2
E
kKk2  KC1
2  ð7Þ
In Eq. (7), E is Young modulus and m Poisson’s coefﬁcient.
Expansion (1) details the behavior of SIFs at a generic crack tip
P due to an irreversible change in the geometry of the same crack
tip P. It does not seem to exists a universal scenario for the behav-
Fig. 1. Deﬁnition of the global incremental quasi-static fracture propagation problem. At time t a linear elastic problem is deﬁned on a set of rigidly connected domains Xn,
with Dirichlet data on Cu and Neumann data on the complementary boundary Cp. A set of loci j, j = 1, 2, . . .,of possible displacement discontinuities is given at time t, as a
result of the history of propagations of crack tips Pi, i = 1, 2, . . ., since the initial time up to t. The problem admits a unique solution in terms of displacements, strains, and
stresses. Accordingly, a unique value of SIFs K1(t), K2(t) is given. The crack tipPipropagation rate vector si(t) is sought for. In other words, the kinking angles hi(t) and the scalar
velocities _siðtÞ are the unknowns of the problem under consideration. Their value are supposed to exist and to be unique.
2 The name is not satisfactory at all.
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etry of a different crack tip Pj, i– j.
The global incremental quasi-static fracture propagation prob-
lem at time t depends on the geometry at time t as well as on
the external actions that drive the problem itself. In the present
note, external loads are merely considered. Propagation by reason
of temperature or environmentally driven are not taken into ac-
count in this note. If u < 0 at time t, a ‘‘sufﬁciently small’’ load
increment dj exists that does not elongate the crack:
at t s:t: uðKðtÞ; hÞ < 0 for all h 9dj > 0 s:t:
dK ¼ KðtÞ
jðtÞ dj; uðKðtÞ þ dK; hÞ < 0 for all h ð8Þ
This describes the ﬁrst phase of fracturing process, namely loading
without crack growth. When the onset of crack propagation is
reached, the second phase- when present- is triggered off: stable
crack growth. A further increase of load causes therefore crack
elongation:
at t s:t: uðKðtÞ; hðtÞÞ ¼ 0 9dj > 0 s:t:
dK ¼ K
ðtÞ
jðtÞ dj;
dK ¼ dK þ Kð1=2ÞðtÞ ﬃﬃsp þ Oðdj; sÞ ð9Þ
In other words, a quasi-static fracture evolution s requires a con-
temporary variation dj such that the global equilibrium is guaran-
teed. Eq. (9) is a reminiscence of Colonnetti’s decomposition of
stresses in plasticity (Colonnetti, 1918; Colonnetti, 1950). It decom-
poses the variation of SIFs as due to an elastic contribution (dK⁄)
and to a distortion (in fracture: crack elongation rate s; in plasticity:
plastic strain rate) which reverses itself into SIFs (stresses in plastic-
ity) by means of a stiffness factor (in fracture: K(1/2)(t), in plasticity
the action of the Z matrix over the plastic part of the volume).
The third phase of crack propagation, unstable crack growth, is
reached when condition (9) no longer holds. A quasi-static growth,
merely academic, can be recovered only with a decrease of external
actions _jðtÞ 6 0. In reality, dynamic effects come into play. They
are out of the scope of the present note.
In the Grifﬁth theory (see (Grifﬁth, 1921) but also its review in
Bourdin et al. (2008)) and in the light of Irwin’s formula (Irwin,
1958), propagation is governed by the following conditions, remi-
niscent of Kuhn–Tucker conditions of plasticity:uðK1ðtÞ;K2ðtÞ; hðtÞÞ 6 0; _sðtÞP 0;
uðK1ðtÞ;K2ðtÞ; hðtÞÞ_sðtÞ ¼ 0 ð10Þ
Conditions (10) can be derived from a thermodynamical point of
view. In Bourdin et al. (2008), the crack length lj is taken as a global
internal variable, and its variation induces a dissipation which sat-
isﬁes Clausius–Duhem’s inequality through the introduction of a
convex dissipation potential, D. In Salvadori (2008) a similar idea
has been considered, moving from a plasticity analogy between SIFs
and stresses. Such an idea is here carried on. It is based on the def-
inition of a ‘‘safe equilibrium domain’’, which has a ‘‘local’’ nature at
crack tip P, and on a dissipation potential D as well.
A ‘‘safe equilibrium domain’’ E and a curve ‘‘onset of crack prop-
agation’’ @E as its closure can be deﬁned in the Amestoy–Leblond
plane at any crack tip P.
E ¼ K1;K2
  2 Rþ0  Rju K1;K2  < 0  ð11Þ
@E ¼ K1;K2
  2 Rþ0  Rju K1;K2  ¼ 0  ð12Þ
When KðtÞ 2 E no elongation occurs, eventually corresponding to
an elastic unloading. Vectors K R E are ruled out. The deﬁnitions
above are reminiscent to the elastic domain and to the yield surface
in the plasticity theory (Han and Reddy, 1999). They implicity label
the SIFs vector in the Amestoy–Leblond plane as an internal force
for the LEFM problem. Maximum Energy Release Rate (7) safe equi-
librium domain E (gray ﬁlled) and onset of crack propagation @E are
depicted in Fig. 2.
Mechanical dissipation in LEFM is due to the irreversible nature
of the crack extension, measured in an incremental setting by the
quasi static crack tip velocity vector _s. It is deﬁned in the Frenet
frame at crack tip P as the vector slanted by kinking angle h(t)
(i.e. the one oriented with axis y1 in Fig. 1); its modulus is equal
to the quasi static crack tip velocity _sðtÞ. The internal variable con-
jugated to K⁄ is here termed ‘‘dissipation rate vector2’’ _a. Its mod-
ulus is related to _s by the following identity, which is part of the
deﬁnition of _a:
k _ak ¼ Gc
KCI
_s ¼ 1 m
2
E
KCI _s ð13Þ
3 See property 3 in Chambolle et al. (2009), namely: Assuming the validity of the
Energy Conservation and StabilityCriterion, a crack cannot propagate continuously in
space and time in a homogeneous,isotropic material unless it propagates in mode I
4 Obviously, an arbitrary behavior of j(t) may be not ‘‘realistic’’, in the usual sense
of j being a control parameter tuned within a laboratory. Yet, the approach is no
uncommon in mechanics. Essentially, it is the same assumption that leads to mode
snapping and buckling problems, allowing to follow incrementally the equilibrium
path after a peak (Riks, 1979).
Fig. 2. On the left: Maximum Energy Release Rate (7) safe equilibrium domain E
(gray ﬁlled) and onset of crack propagation @E; vector _a is depicted for _k ¼ 1. On
the right: Maximum Energy Release Rate safe equilibrium domain in the {K1,K2}
plane (bold line) plotted against the circle kKðtÞk ¼ KC1 (plain line); vector _a.
Coefﬁcients a ¼ K2K1 and a ¼
K2
K1
measure the mode mixity in each plane. Vectors _a
and _a are slanting from mode I axis by tan1(a) and tan1(a⁄), respectively. It is
easy to relate a with the kinking angle h and a⁄. They hold:
a ¼ F21ðhÞþF22ðhÞaF11ðhÞþF12ðhÞa ;a ¼ 
F21ðhÞF11ðhÞa
F22ðhÞF12ðhÞa with matrix F deﬁned in (2). The kinking angle
h(t) can be deduced from : @u
@h ja ¼ 0 as discussed in Salvadori (2010). Geometrically,
actual angle h(t) is the only one that makes vector @K

@h orthogonal to vector _a
 .
A. Salvadori, A. Carini / International Journal of Solids and Structures 48 (2011) 1362–1369 1365Gc = 2cs stands for the surface energy density and cs the surface en-
ergy of each plane of the crack. Vector _a is depicted in Fig. 2.
A ‘‘maximum dissipation’’ principle for LEFM is postulated and
termed D-principle. It reads: At any crack tip P, for given dissipation
rate vector _a that enjoys (13), among all possible SIFs k 2 E, the
function
Dðk; _aÞ ¼ k  _a ð14Þ
attains its maximum for the actual SIF vector K⁄:
DðK; _aÞ ¼max
k2E
Dðk; _aÞ ð15Þ
Analogously to maximum dissipation in plasticity, D-principle im-
plies associative ﬂow rule in the Amestoy–Leblond plane (normality
law):
_a ¼ @u
@K
_k ð16Þ
and loading/unloading conditions in Kuhn–Tucker complementar-
ity form:
_kP 0; u 6 0; _ku ¼ 0 ð17Þ
They hold at any crack tip P.
Inserting the Maximum Energy Release Rate onset of propaga-
tion into E, normality rule (16) writes as:
_a ¼ 1 m
2
E
K _k ð18Þ
Owing to Eq. (13), _k turns out to be the actual ‘‘quasi-static crack
propagation velocity’’: _kðtÞ ¼ _sðtÞ. Therefore k(t) = s(t) coincides
with the total crack elongation at crack tip P, provided that
k(0) = s(0) = 0 at the beginning of the crack propagation history. It
holds:
DðK; _aÞ ¼ 1 m
2
E
kKk2 _kP 0 ð19Þ
Therefore, at the onset of propagation u = 0, function D equals the
mechanical dissipation at the crack tip P at time t, namelyDðKðtÞ; _aðtÞÞ ¼ Gc _sðtÞ. Consequently, D-principle is the counterpart
of the postulate of the maximum plastic work.
Consistency condition can be deducted from (17) by time deriv-
ative at u = 0; they read:
When u ¼ 0; _sP 0; _u 6 0; _s _u ¼ 0 ð20Þ3. On the mixed mode propagation
So many publications have been devoted to the evaluation of
kinking angle h(t) in brittle materials that an exhaustive record is
basically impossible. Among all of them, the topic has been dis-
cussed in Salvadori (2008), Salvadori (2010) and is only shortly
summarized here. Angle h is sought as the one that, at any given
mode mixity, minimizes j at the onset of crack propagation (5)
for the choice (7). It turns out that this condition implies maximiz-
ing u: in its complete form, the problem of ﬁnding the critical load
factor j and the direction of propagation h reads:
find fj; hg s:t: u ¼ 0; @u
@h
¼ 0 ð21Þ
Such an outcome appears to be mandatory for the consistency in
the plasticity analogy: see (Salvadori, 2010), Section 3. The two no-
tions of onset of crack propagation and criteria for crack kinking cor-
respond one another in the formulation (21). In Salvadori (2010) it
has been shown that the onset of crack propagation cannot be dis-
joint from the criteria to evaluate of h without violating Grifﬁth’s
condition. In particular, this implies that the prevailing view of
kinking K2ðtÞ ¼ 0 by means of the Local Symmetry (Goldstein
and Salganik, 1974) criteria (henceforth shortened as LS) is incor-
rect, as it requires a value of j higher than the one predicted by
(21).
On the other hand, it seems intuitive to consider a smooth in
space and continuous in time crack evolution after the kink. It
has been proved (Chambolle et al., 2009) that condition K2 ¼ 0 is
mandatory for any continuos propagation in time3: in a homoge-
neous, isotropic elastic material kinking never occurs with a propaga-
tion which is continuous in time, see (Chambolle et al., 2009) property
4. Therefore, denoting with t the time at which the crack kinks, a
continuous propagation in time after the kink requires K2ðtþÞ ¼ 0.
The crucial problem is linking conditions (21) at t and K2ðtþÞ ¼ 0.
A numerical insight has been provided in Salvadori (2010) for Mus-
kelishvili’s problem assuming that the load factor has no require-
ments apart being non negative, j(t) P 0. In other terms, j(t) may
increase with t, decrease at some point, eventually jump so that
the crack proceeds quasi-statically and continuously in time4, keep-
ing the system at the onset of propagation (5). One can envisage
from the experiences described in Salvadori (2010) the following
conjecture in the mechanics of the kinking at a time t: the iterative
application of the maximum energy release rate leads to the local
symmetry condition at time t+ in a Frenet frame that depends on
the mode mixity at time t only. In the process, load factor seems
to decrease, j(t+) 6 j(t) in agreement with (Chambolle et al.,
2009) and the kinking angle to increase with respect to the one
provided by both MERR and LS. If the conjecture reveals to be
mathematically correct, the prevailing view of the local symmetry
is thus recovered at t+ but it cannot be taken as a kinking angle
evaluation criteria at t.t
l
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smooth crack path may proceed. The crack evolution at any s > t is
stable with respect to j(t+) but not with respect to j(t). Of course,
in realistic analysis, the jump j(t)  j(t+) in the load factor is
unfeasible. A dynamic evolution is therefore localized at any crack
kinking, similarly to what happens in a snap through experiment.
The crack length at which a quasi-statical evolution may eventu-
ally start again corresponds to a time s > t at which j(s) = j(t),
if a unique crack evolution takes place.
During stable crack growth of crack tip Pi, propagation is meant
to be a sequence of equilibrium states. At each load j(s) corre-
sponds a geometry conﬁguration si(s) which eventually evolves
quasi-statically, keeping crack tip Pi at the onset of crack propaga-
tion Ki ðsÞ 2 @E. In any time interval ]t, t⁄] in which crack tipP elon-
gates, one has:
du ¼ uðK1ðsÞ;K2ðsÞÞ u K1ðtÞ;K2ðtÞ
  ¼ 0 s 2t; t ð22Þ
and in view of (7):
du ¼ 1
2
1 m2
E
kKðsÞk2  kKðtÞk2
 
¼ 0 s 2t; t ð23Þ
Here and henceforth, right after a crack kink t must be identiﬁed
with t+. It can be proved- see Appendix A- that for s? t it holds:
du ¼ @u
@K
ðtÞ  K
ðtÞ
jðtÞ djþ K
ð1=2ÞðtÞ ﬃﬃsp	 
 ¼ 0 ð24Þ
having set dj = j(s)  j(t) when s ? t. The ﬁrst term in brackets,
i.e. K
ðtÞ
jðtÞ dj, amounts to the variation K(s)  K(t) while keeping crack
tip P steady- see Eq. (1): under the assumptions made in the pres-
ent note, such a variation is a mere elastic contribution due to dj. In
Colonnetti’s view (Colonnetti, 1918; Colonnetti, 1950), the remain-
ing term in brackets, i.e. Kð1=2ÞðtÞ ﬃﬃsp amounts to the variation
K(s)  K(t) that corresponds to an inelastic distortion, which is
the crack elongation s. Therefore, K(1/2)(t) is analogous to the Z ma-
trix in plasticity. In view of deﬁnition (7) of the maximum energy
release rate criterion, it turns out:
@u
@K
ðtÞ  KðtÞ

u¼0
¼ 1 m
2
E
kKðtÞ2

u¼0
¼ Gc ð25Þ
so that:
du ¼ 0) Gc
jðtÞ dj ¼ 
@u
@K
ðtÞ  Kð1=2ÞðtÞ ﬃﬃsp ð26Þ
Condition (26) states that the elongation s of tip P at any time s
close to t is proportional to the square of the increment of the exter-
nal load dj = j(s)  j(t):
s  dj2 ð27Þ
In the limit s? t, condition (27) states that no elongation corre-
sponds to an increment of the load, i.e. crack tipP never propagates
unless:
@u
@K
ðtÞ  Kð1=2ÞðtÞ ¼ KðtÞ  Kð1=2ÞðtÞ ¼ 0 ð28Þ
which appears to be a mandatory requirement for mixed mode
crack propagation. In view of deﬁnitions (2), (3), condition (28)
implies:
aðKðtÞ; TðtÞ; hðtÞÞ ¼  FðhÞK  GðhÞ
FðhÞK HðhÞK T ð29Þ
Such an expression for a⁄ has been achieved in Salvadori (2008), in
formula (37) at page 2106. All its signiﬁcances and implications
were not understood, though. Only its meaning of general extension
of Cotterell and Rice stability criterion (Cotterell and Rice, 1980)
was considered.According to Chambolle et al. (2009), a stable and continuous
propagation in time implies that h(t) = 0 for all t. Under these
assumptions G vanishes (see (Amestoy and Leblond, 1992), page
480) and identity (29) becomes
aðKðtÞ; TðtÞ; hðtÞÞ ¼ 0 ð30Þ
One concludes therefore that stability and continuous propagation
in time also implies C2-smoothness in a curvilinear crack path.4. A general stability condition of a single-crack growth
Provided that mandatory condition (28) holds, the time deriva-
tive of function u(t) can be properly deﬁned. Owing to Eq. (9) and
to consistency condition (20) one writes for _sðtÞ > 0 at crack tip P:
u K1ðtÞ;K2ðtÞ
  ¼ 0 and
_uðtÞ ¼ @u
@K
ðtÞ  _KðtÞ þ Kð1ÞðtÞ_sðtÞ
 
þ h:o:t: ¼ 0
ð31Þ
In Colonnetti’s framework _KðtÞ corresponds to an inelastic distor-
tion, which is the crack elongation rate _sðtÞ. Under the assumptions
made in the present note, _KðtÞ is a mere elastic contribution due to
_jðtÞ and Eq. (31) becomes:
0 ¼ @u
@K
ðtÞ  KðtÞ _jðtÞ
jðtÞ þ
@u
@K
ðtÞ  Kð1ÞðtÞ_sðtÞ ð32Þ
In view of deﬁnition (25) it turns out:
_u ¼ 0) Gc
_jðtÞ
jðtÞ ¼ 
@u
@K
ðtÞ  Kð1ÞðtÞ_sðtÞ ð33Þ
which sets a condition for stable crack growth and, inherently, for
the transition to the unstable phase:
_jðtÞ > 0! @u
@K
ðtÞ  Kð1ÞðtÞ < 0 ð34Þ
Consistency condition (20) applies to any crack tip Pi. The same
holds for stability condition (34).
5. Two variational statements for a single-crack growth
The following variational statement extends Ceradini’s func-
tional to fracture mechanics. For the propagation of a single crack
tip, it reads as follows.
Theorem 1. Provided that @u
@K  Kð1Þ < 0, the crack tip P velocity _sðtÞ
that solves the global quasi-static fracture propagation problem at
time t minimizes the function:
v½^_s ¼ 1
2
@u
@K
ðtÞ  Kð1ÞðtÞ _^s2  @u
@K
ðtÞ  _KðtÞ _^s ð35Þ
under the constraint:
_^sP 0
To prove the theorem, denote with _^s ¼ _sðtÞ þ D_s. One writes:
v½^_s  v½_sðtÞ ¼ 1
2
@u
@K
 Kð1Þð_sðtÞ þ D_sÞ2  @u
@K
 _Kð_sðtÞ þ D_sÞ
þ 1
2
@u
@K
 Kð1Þ _sðtÞ2 þ @u
@K
 _K _sðtÞ ¼ 1
2
@u
@K
 Kð1ÞD_s2
 @u
@K
 Kð1Þ _sðtÞD_s @u
@K
 _KD_s ¼ 1
2
@u
@K
 Kð1ÞD_s2  @u
@K
 _K þ Kð1Þ _sðtÞ
 
D_s
Owing to the consistency condition (31) , the latter holds:
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2
@u
@K
 Kð1ÞD_s2  @u
@K
 _K þ Kð1Þ _sðtÞ
 
D_s
¼ 1
2
@u
@K
 Kð1ÞD_s2  _uðtÞð _^s _sðtÞÞ
Summarizing then:
v½^_s  v½_sðtÞ ¼ 1
2
@u
@K
 Kð1ÞD_s2  _uðtÞ _^sþ _uðtÞ_sðtÞP 0
The following variational statement also holds:Theorem 2. Provided that @u
@K  Kð1Þ < 0, the crack tip P velocity _sðtÞ
that solves the global quasi-static fracture propagation problem at
time t minimizes the function:x½^_s ¼ 1
2
@u
@K
ðtÞ  Kð1ÞðtÞ _^s2 ð36Þ
under the constraint:
@u
@K
 ðKðtÞ þ Kð1ÞðtÞ _^sÞ 6 0
To prove the theorem, denote again with _^s ¼ _sðtÞ þ D_s. One writes:
x½^_s x½_sðtÞ ¼ 1
2
@u
@K
 Kð1Þð_sðtÞ þ D_sÞ2 þ 1
2
@u
@K
 Kð1Þ _sðtÞ2
¼ 1
2
@u
@K
 Kð1ÞD_s2  @u
@K
 Kð1Þ _sðtÞD_s
By adding and subtracting the amount @u
@K  _K _sðtÞ, the latter holds:
1
2
@u
@K
 Kð1ÞD_s2  @u
@K
 _K þ Kð1Þ _^s
 
_sðtÞ þ @u
@K
 _K þ Kð1Þ _sðtÞ
 
_sðtÞ
Summarizing then:
x½^_s x½_sðtÞ ¼ 1
2
@u
@K
 Kð1ÞD_s2  @u
@K
 _K þ Kð1=2Þ _^s
 
_sðtÞ
þ _uðtÞ_sðtÞP 06. Extensions
In the presence of N concurrently propagating cracks, SIFs
Ki(j,sj) expansion (1) at the i-th crack tip extends as follows
(Autesserre, 1995):
Kiðj; sjÞ ¼ Ki ðjÞ þ Kð1=2Þi ðjÞ
ﬃﬃﬃ
si
p þ
XN
j¼1
Kð1Þij ðjÞsj þ Oðs3=2j Þ
i ¼ 1;2; . . . ;N ð37Þ
The terms Ki and K
ð1=2Þ
i have exactly the same expressions as for a
single propagating tip. The inﬂuence of the other propagating tips
appears only in the terms proportional5 to the sj.
Mandatory condition (28) must hold to any crack tip Pi in the
form:
@ui
@Ki
ðtÞ  Kð1=2Þi ðtÞ ¼ Ki ðtÞ  Kð1=2Þi ðtÞ ¼ 0 i ¼ 1;2; . . . ;N ð38Þ
which appears to be a mandatory requirement for mixed mode
crack propagation of N concurrently propagating cracks. Condition
(38) implies:
ai ðKiðtÞ; TiðtÞ; hiðtÞÞ ¼ 
FðhiÞKi  GðhiÞ
FðhiÞKi HðhiÞKi Ti i ¼ 1;2; . . . ;N ð39Þ5 As an example, consider the standard Muskelishvili’s problem of a horizonta
crack of length 2a under remote tension, for which SIFs are equal at both crack tips
namely K1 ¼
ﬃﬃﬃﬃﬃﬃ
pa
p
and K2 = 0. As one, say j, of the two tips extends of an amount equa
to sj, one has K1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
pðaþ sj=2Þ
p
for both tips. Accordingly, @Ki
@sj
¼
ﬃﬃ
p
p
4
ﬃﬃ
a
p e1 for all i, j = 1, 2l
,
l
.and again ai ðKiðtÞ; TiðtÞ; hiðtÞÞ ¼ 0 at a stable and continuous propa-
gation in time.
Theorems 1 and 2 must be extended in order to ﬁnd velocities _si
of all crack tips Pi with i = 1, 2 . . .N.
SIFs Ki(j,sj) expansion (37) at the i-th crack tip allows the def-
inition of derivatives:
@Ki
@sj
¼ Kð1Þij i ¼ 1;2; . . . ;N ð40Þ
Consistency condition (20) at crack tip Pi, without taking into ac-
count higher order terms when ui = 0, can be written only in view
of (38):
0¼ _uiðtÞ _siðtÞ¼
@ui
@Ki
ðtÞ  _Ki ðtÞþ
XN
j¼1
Kð1Þij ðtÞ _sjðtÞ
 !
_siðtÞ¼ @ui
@Ki
ðtÞ
 _Ki ðtÞ _siðtÞþ _siðtÞ
XN
j¼1
@ui
@Ki
ðtÞ Kð1Þij ðtÞ _sjðtÞ¼
@ui
@Ki
ðtÞ
Ki ðtÞ
_jðtÞ
jðtÞ _siðtÞþ _siðtÞ
XN
j¼1
@ui
@Ki
ðtÞ Kð1Þij ðtÞ _sjðtÞ; i¼1;2; . . . ;N ð41Þ
One recognizes in (41) the well-posed deﬁnition of:
@ui
@sj
ðtÞ ¼ @ui
@Ki
ðtÞ  Kð1Þij ðtÞ;
@ui
@j
ðtÞ ¼ @ui
@Ki
ðtÞ  Ki ðtÞ
1
jðtÞ ð42Þ
for all i = 1, 2, . . .,N.
Theorems 1 and 2 extend to the case of multiple concurrent
crack growth as follows.
Theorem 3. Assume that matrix @ui@sj ðtÞis symmetric and co-negative,
i.e. deﬁnite negative on the set of vectors with positive components.
Then the crack tipPj velocities _sjðtÞ that solve the global quasi-static N
concurrent fracture propagation problem at time t minimizes the
function:
v½ _^si ¼ 12
XN
i;j¼1
_^si
@ui
@sj
ðtÞ _^sj 
XN
i¼1
@ui
@Ki
ðtÞ  _Ki ðtÞ _^si ð43Þ
under the constraint:
_^si P 0
To prove the theorem, denote with _^si ¼ _siðtÞ þ D _si. Owing to the sym-
metry of matrix @ui
@sj
ðtÞ one writes:
v½ _^si  v½ _siðtÞ ¼ 12
XN
i;j¼1
D _si
@ui
@sj
ðtÞD _sj 
XN
i;j¼1
D _si
@ui
@sj
ðtÞ _siðtÞ

XN
i¼1
D _si
@ui
@Ki
ðtÞ  _Ki ðtÞ
¼ 1
2
XN
i;j¼1
D _si
@ui
@sj
ðtÞD _sj 
XN
i¼1
D _si
@ui
@Ki
ðtÞ

XN
j¼1
Kð1Þij ðtÞ _siðtÞ  _Ki ðtÞ
 !
¼ 1
2
XN
i;j¼1
D _si
@ui
@sj
ðtÞD _sj 
XN
i¼1
D _si _uiðtÞ
due to Eq. (41) . The thesis immediately follows in view of the negative
deﬁniteness of matrix @ui
@sj
ðtÞ, on consistency conditions _uiðtÞ 6 0,
_uiðtÞ _siðtÞ ¼ 0 and on constraint _^si P 0.Theorem 4. Under the same assumptions of Theorem 7, the crack tip
Pj velocities _sjðtÞ that solve the global quasi-static N concurrent frac-
ture propagation problem at time t minimizes the function:
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XN
i;j¼1
_^si
@ui
@sj
ðtÞ _^sj ð44Þ
under the constraint:
@ui
@Ki
ðtÞ 
XN
j¼1
Kð1Þij ðtÞ _^si þ _Ki ðtÞ
 !
6 0 i ¼ 1;2; . . . ;N
To prove the theorem, denote with _^si ¼ _siðtÞ þ D _si. Owing to the sym-
metry of matrix @ui
@sj
ðtÞone writes:
x½ _^si x½ _siðtÞ ¼ 12
XN
i;j¼1
D _si
@ui
@sj
ðtÞD _sj 
XN
i¼1
_siðtÞ
XN
j¼1
@ui
@sj
ðtÞD _sj
By adding and subtracting the amount:
XN
i¼1
_siðtÞ @ui
@Ki
ðtÞ  _Ki ðtÞ
it holds:
x½ _^si x½ _siðtÞ ¼ 12
XN
i;j¼1
D _si
@ui
@sj
ðtÞD _sj 
XN
i¼1
_siðtÞ @ui
@Ki
ðtÞ
 _Ki ðtÞ þ
XN
j¼1
Kð1Þij ðtÞ _^sj
 !
þ
XN
i¼1
_siðtÞ @ui
@Ki
ðtÞ

XN
j¼1
Kð1Þij ðtÞ _sjðtÞ þ _Ki ðtÞ
 !
¼ 1
2
XN
i;j¼1
D _si
@ui
@sj
ðtÞD _sj þ
XN
i¼1
_uiðtÞ _siðtÞ 
XN
i¼1
_siðtÞ
 @ui
@Ki
ðtÞ  _Ki ðtÞ þ
XN
j¼1
Kð1Þij ðtÞ _^sj
 !
P 0
owing to (41).
Previous theorems need the sign-deﬁniteness of matrix @ui
@sj
ðtÞ. As for
condition (34), such a requirement denotes the stable crack growth
phase. In fact, one obtains from consistency condition (41) in view
of (38):
XN
i¼1
_uiðtÞ _siðtÞ ¼
XN
i¼1
@ui
@Ki
ðtÞ  Ki ðtÞ
_jðtÞ
jðtÞ _siðtÞ
þ
XN
i;j¼1
_siðtÞ @ui
@sj
ðtÞ _sjðtÞ ¼ 0 ð45Þ
Sign-deﬁniteness of matrix @ui
@sj
ðtÞ is necessary and sufﬁcient to en-
sure stability of crack growth, i.e. _jðtÞ > 0.
Symmetry of matrix @ui
@sj
ðtÞ is mandatory to prove theorems 7 and
8, too. Indeed, symmetry has a fundamental signiﬁcance; assuming
it as a hypothesis is far from being satisfactory. Unfortunately, at
present, we could not ﬁnd neither a counterexample nor a
proof for it.Work is in progress, addressed by the symmetry proper-
ties of operators in the elastic domains in which cracks are
embedded.6 . . . even if ‘‘there is nothing which appeals much to a mathematician’’- see (Hardy,
2005), sections 14 and 26.7. Conclusions
The present note aims at introducing a variational formulation
for the global incremental quasi-static linear elastic fracture prop-
agation problem. Laws that describe onset and propagation of
cracks fall under the general Grifﬁth’s theory (Grifﬁth, 1921).
Grifﬁth’s standpoint puts linear elastic fracture mechanics in
analogy with standard dissipative systems thermodynamics
(Nguyen, 2000; Maugin, 1992). Following this line of thought, aplasticity framework for LEFM was presented in Salvadori (2008);
it has been revised in Section 2. It stems from a maximum
principle- the counterpart of the maximum plastic work postulate.
The crack elongation is constitutively analogous to a rigid-plastic
behavior and Grifﬁth’s criterion is recovered following a rigorous
setting.
In Bourdin, Francfort, and Marigo’s interpretation, ‘‘the crack
length is an internal variable, and its variation induces a dissipa-
tion which must in turn satisfy Clausius–Duhem’s inequality.’’
(quoted from Bourdin et al. (2008), page 13). In this regard, we
essentially changed the internal conjugate variables pair G  lwith
K⁄  a⁄, taking advantage of Irwin’s formula that links the energy
release rate G with SIFs K⁄ (Irwin, 1958, Ichikawa and Tanaka,
1982) . Furthermore, the Amestoy–Leblond asymptotic expansion
(Amestoy et al., 1986; Amestoy and Leblond, 1992) has been
exploited. The rest follows from well known results of plasticity
(Ceradini, 1965; Ceradini, 1966). We are aware that our approach
narrows the picture very much: going out of LEFM, where SIFs
are not deﬁned, does not seem to be obvious. On the other hand,
we feel this mathematics ‘‘useful’’6.
The minimum theorems allow the formulation of effective
algorithms to determine the magnitude of the increment of crack
growth, based upon the corresponding increments of external
loads. Such an outcome for incremental fracture has the potential
to place numerically calculated crack trajectories on a much ﬁr-
mer basis. In particular, it could be implemented in techniques
such as the Element Free Galerkin method or in the standard ﬁ-
nite element method in which crack growth direction is usually
determined based upon standard and yet questionable criteria
(Salvadori, 2010), but the increment of crack growth is less well
deﬁned.
Conditions for stable crack growth and, inherently, for the onset
of unstable propagation have been ﬁrmly formulated in Section 4.
Numerical validations are in progress. If these theoretical results
will be conﬁrmed, they may reveal of great importance. The safety
of a structural component is usually measured against the stable/
unstable crack growth transition, as one assumes in fact that
unstable propagation leads to structural collapse.
Within the proposed framework some extension have been
devised. The issues of thermally driven fracture processes and
of environmentally assisted brittle fracture might be included
naturally, once the correct driving force is described as done
for the increment of external loads. Slight modiﬁcation of the
path of reasoning involve the change of Amestoy–Leblond
expansions type. They include branching and 3D fracture propa-
gation. Relevant expansions have been proposed in the literature
and appear to be suitable for the proposed approach. In the con-
text of crack branching, the issue of uniqueness of crack tip
velocity will be argued. More ambitious extensions pertain to fa-
tigue of materials, which involves the multiscale analysis of the
growth of defects, still embedded in a macroscopic linear elastic
material behavior.
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During stable crack growth of crack tip Pi, propagation is meant
to be a sequence of equilibrium states. At each load j(s) corre-
sponds a geometry conﬁguration si(s) which eventually evolves
quasi-statically, keeping crack tip Pi at the onset of crack propaga-
tion Ki ðsÞ 2 @Ei. Assume time s in an interval ]t, t⁄] in which crack
tip P grows steadily, i.e. s2]t, t⁄] and 0 < _sðsÞ <1. One has in view
of (7):
du ¼ 1
2
1 m2
E
kKðsÞk þ kKðtÞkð Þ kKðsÞk  kKðtÞkð Þ ¼ 0 ð46Þ
If the crack path is taken to be smooth in the time interval ]t, t⁄],
then K⁄(s) = K(s) for being FðhðsÞÞ ¼ 1. If furthermore one selects
the local symmetry (Goldstein and Salganik, 1974) as a kinking an-
gle criterion, then kK⁄(s)k = K1(s)P 0. Denoting with e1 the unit
vector in direction 1, it holds:
kKðsÞk  kKðtÞk ¼ e1  KðtÞjðsÞjðtÞ þ K
ð1=2ÞðtÞjðsÞ
jðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
sðsÞ
p	
þKð1ÞðtÞjðsÞ
jðtÞ sðsÞ  K
ðtÞ


þ oðsÞ ¼ e1  KðtÞ djjðtÞ
	
þKð1=2ÞðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
sðsÞ
p
þ Kð1ÞðtÞsðsÞ

þ oðdj ﬃﬃsp Þ
By noting that s(t) = 0 by deﬁnition of s, and assuming that it exists a
bounded quasi static crack tip velocity _sðtÞ so that sðsÞ ¼ _sðtÞðs tÞ
and a load variation velocity so that dj ¼ _jðtÞðs tÞ one has for
s ? t:
0 ¼ 1 m
2
E
ðe1  KðtÞÞ e1  Kð1=2ÞðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
_sðtÞ
q	 
 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðs tÞ
p
þ 1 m
2
E
ðe1
 KðtÞÞ e1  KðtÞ
_jðtÞ
jðtÞ þ e1  K
ð1ÞðtÞ_sðtÞ
	 

ðs tÞ þ oðs tÞ
¼ @u
@K
ðtÞ  Kð1=2ÞðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃ
_sðtÞ
q ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ðs tÞ
p
þ @u
@K
ðtÞ
 KðtÞ _jðtÞ
jðtÞ þ K
ð1ÞðtÞ_sðtÞ
	 

ðs tÞ þ oðs tÞ
whence the conditions:
@u
@K
ðtÞ  Kð1=2ÞðtÞ ¼ 0 ð47Þ
@u
@K
ðtÞ  KðtÞ _jðtÞ
jðtÞ þ K
ð1ÞðtÞ_sðtÞ
	 

¼ 0 ð48ÞThe former is a mandatory condition, discussed in Section 3. The lat-
ter has been given a variational characterization in Section 5.
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